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Abstract
Estimation and measurement of consumption externalities are still
challenging problems in applied research. In this paper, externalities
as Nash equilibrium are estimated using consumer demand theory and
a large data set. We estimate Nash equilibrium consumption exter-
nalities in petrol budget shares of households living in a metropolitan
area in UK. The reaction curves are derived from an Almost Ideal De-
mand System (AIDS) with externalities. A continuous set of ten year
cross sections from the Family Expenditure Surveys is used. In each
year, income decile cohorts are created. Results of 2SLS with Panel
Data are presented after 2SLS estimates with pooling cross sections
have been discussed. Results give evidence that the household petrol
consumption pattern is explained by income and externality variables.
We also suggest that in order to internalise the negative externality
eﬀect, households should be taxed independently of household income.
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1 Introduction
Measuring consumption externalities has always been considered a chal-
lenging issue in applied research. Usually, direct methods (i.e., contingent
valuation method (CVM), experimental analysis) and indirect evaluation
methods (i.e., hedonic prices, travel cost methods) are used to estimate
externalities. The advantages and disadvantages of these techniques have
long been debated in the literature1. In this paper, a diﬀerent approach is
used to evaluate consumption externalities. We estimate Nash equilibrium
consumption externalities in petrol budget shares of households living in a
metropolitan area in UK, using consumer theory and a large data set. As far
as we know, this is the ﬁrst attempt to measure interdependent consump-
tion externalities using this approach. The estimation of petrol externality
is interpreted as a proxy of the traﬃc congestion in this area.
The reaction curves are derived from an Almost Ideal Demand System
(AIDS) with externalities. They are actually Engel curves with externalities.
The most recent studies of the Engel curves (see for example Hildenbrand
(1994), Hausman et al. (1995), Banks et al. (1997)) indicate that the stan-
dard linearity assumption in the logarithm of expenditure doesn’t provide
a satisfactory explanation of budget shares for particular goods (i.e. cloth-
ing, alcohol, non durable goods), but additional terms are required. The
non parametric analysis suggests that higher order income terms should be
added (in Banks et al. (1997) these higher income terms are quadratic in
order to satisfy the integrability requirements of the demand system). In
our work, instead, we suggest that for petrol, the term to be added is the
externality eﬀect.
To estimate and test the signiﬁcance of the externality eﬀect, we use
a continuous set of ten year cross sections from the Family Expenditure
Surveys (1991-2000). In each year, income decile cohorts are created. The
income cohort mean of each variable can be essentially interpreted as an
1The major advantage of CVM is to provide a measure of non-use values of the environ-
ment. The validity and reliability of its estimates are questionable due to inherent mea-
surement biases: the most cited are the embedding eﬀect (Diamond and Hausman (1994),
Kahneman and Knetsch (1992)), the strategic behaviour of the respondent (Schulze, d’
Arge and Brookshire (1981)), the issue that the willingness to pay reﬂects only hypotheti-
cal decisions and not the actual decisions. The pros and cons of the experimental approach
have been summarised by Cornes and Sandler (1996) p. 510-511. Also the hedonic price
method is not free of criticisms (multicollinearity problem in the regression, strong as-
sumptions on the aggregation process and on the competitive framework). The travel
cost method has a limited applicability. It can be used essentially to estimate recreational
values.
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individual panel observation, reproducing the behaviour of the income rep-
resentative household through time. Data can be treated as panel data. The
structural form is a non linear simultaneous equation model with 10 endoge-
nous variables represented by the total petrol budget expenditure means of
each decile cohort. The estimation of the equations simultaneously is equiv-
alent to the estimation of the Nash equilibrium in petrol budget shares.
To have a unique numerical estimation of the structural coeﬃcients of our
model, we show that the system of simultaneous equations is identiﬁed. Re-
sults of 2SLS with Panel Data are presented after 2SLS estimates with cross
sections have been analysed.
Two restricted models are not rejected by the data: the restrictive model
in which only the externality generated by few distinctive cohorts is signiﬁ-
cant, and the other restrictive one in which the externality is represented by
the sum of the petrol total expenditure of the remaining cohorts (the single
common popular case). Using non nested procedures, the two restricted
models are compared. The single common popular is the model accepted by
the data. The single popular ﬁxed eﬀect model and the random eﬀect model
are compared and tested. The random eﬀect model is accepted. There is
evidence that the household petrol consumption pattern is explained by in-
come and externality variables. Particularly, income is signiﬁcant for the
six poorest households. For the richest households only externality vari-
ables and the intercept are signiﬁcant. The acceptance of the single popular
externality model has an important welfare implication. In order to inter-
nalise the negative externality eﬀect, a tax independent of household income
should be applied.
The structure of this paper is as follows. In the second section we analyse
the theoretical model. The stochastic framework is introduced in Section
3. After a section of data description (Section 4), we present the Nash
equilibrium estimate (Section 5). The speciﬁc cohort externality model is
estimated in Section 5.1. In Section 5.2 we show that the single popular
externality eﬀect model is accepted by the data. The same result is obtained
also for larger data set (see Section 6).
2 Almost Ideal Demand System with externalities
In this section we provide a theoretical economic foundation of our work.
A partial equilibrium framework is assumed, in which prices, demographic
variables, incomes are the exogenous variables of the model. The reaction
curves are derived from an Almost Ideal Demand System (AIDS) with ex-
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ternalities (2). They can be interpreted as Engel curves with externalities.
Solving for the system of reaction curves, the Nash equilibrium is obtained.
2.1 Reaction curves
Suppose that petrol is good 1. Each household has a AIDS preferences with
an expenditure function of this type:
logght(p, zht, uht) = aht(p, zht,W 1kt) + bht(p)uht (1)
where p is the vector of prices, zht is the vector of demographic variables
such as number of children, age, number of workers in family h at time t,
W 1kt =

k =hW1kt/(H − 1) is the deﬂated average total expenditure by
each family other than h at time t, uht is the utility function of family
h. This term represents the externality of our model. Essentially, petrol
consumption is proportional to car travel which is the source of congestion.
To develop a model consistent with the standard conditions required
by the consumer demand theory (satisfaction of the budget constraint and
homogeneity of degree 0 in prices of the income budget share constraint),
particular restrictions on the parameters of the function speciﬁed in (1)
should be imposed:
aht(p, zht,W 1kt) = a0h +

i
aihziht +

j
a0hjlogpj + c0jhW 1kt
logbht(p) =

j
bjhlogpj
with:

j
a0jh = 1;

j
bjh = 0
Applying Hotelling rule, the budget share of good 1 (petrol) of household h
is given by2:
w1ht = a01h + bh(p)b1huht =
= a01h + b1h(logMht − ah(p, zht,W 1kt))
2 ∂loggi
∂logpi
= a0hj + c0hj

k =h wjk +

i aijhzhi +
∂bh(·)
∂logpi
=
a0hj + c0hj

k =h wjk +

i aijhzhi + bh(·)bjh
4
Finally, the reaction curves of the model are:
w1ht = a01h + b1h[logMht − a0h −

i
aihziht −

j
a0jhlogpj − c01hW 1kt]
or in a compact form:
w1ht = A01h − b1h

i
aihzhit +C1hW 1kt + b1hlogmht (2)
where:
A01h = a01h − b1ha0h
mht = (Mht/P )
P ∼

j
p
a0jh
j
C1h = −c01hb1h
In the sequel we approximate P by the deﬂator. To deﬂate, we have used
the deﬂator 1999 series presented in the appendix B. For example, to deﬂate
the log of total expenditure of year, say 1991, we have used the following
procedure: logmht = logMht/P = logMht − log(80.2/100).
Diﬀerences in petrol budget share expenditures among households are
imputed to diﬀerences in income level, demographics, externality eﬀects,
type of preferences. These reaction curves can be interpreted as petrol En-
gel curves for each household with externality eﬀect. The applied micro-
economic analysis of the relationship between commodity consumption and
income has a long tradition in the literature. Engel (1895), Working (1943),
Leser (1963) are recognised as the seminal works in this area. Muellbauer
(1976), Deaton and Muellbauer (1980) and Jorgenson et al. (1982) spec-
ify all the requirements to make Engel curves compatible with integrability
consumer theory. Recently, non parametric analysis suggests that quadratic
income term should be added (see for example Hildenbrand (1994), Haus-
man et al. (1995), Banks et al. (1997)) to have a satisfactory explanation
of the budget share Engel curves for particular goods (i.e. clothing, alcohol,
non durable goods). In our work, instead, we suggest that for the petrol
case, the term to be added is the externality eﬀect. To estimate and test
the signiﬁcance of the externality, particular restrictions on the externality
eﬀect are imposed in the stochastic framework.
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3 Stochastic framework
Let us assume that the stochastic term satisﬁes the condition E ∈jh= 0
and Var (∈jh)=σ
2
j for each h. The disturbance is normally distributed in
the population as a whole with the implication that the standard normal
variable ∈jh /σ
2
j has a mean of zero and a variance of 1. Since we are looking
only at the single equation for petrol, we are also dropping the subscript
speciﬁcation of the good. The stochastic framework of our structural model
coincides with the reaction curves previously deﬁned, corrected by the error
term:
wht = A0h + bh

i
aihziht +ChW 1kt + bhlogmht+ ∈ht
To avoid identiﬁcation problems (numbers of parameters greater than the
number of observations), the data are reorganised as follow:
• the households are grouped in 10 diﬀerent cohorts according to the
income decile of belonging;
• in each cohort, each household has identical parameters, i.e. identical
preferences (bh = b; aih = ai; Ch = C for each h);
• for each decile we compute the mean of each variable in every year,
which is represented by a bar symbol over the letter;
• for any decile h, any other decile k has the same externality eﬀect Ck
for all decile h (with h = k );
• the coeﬃcient of the externality is constant through time.
Since we are dealing with ten cross sections, the stochastic framework of
the structural form of the model becomes under these assumptions:
w1t = A+

i
Ai1zi1t +C2W 2t +C3W 3t + ...+C10W 10t + b1logm1t + e1t
...
w1t+9 = A+

i
Ai1zi1t+9 +C2W 2t+9 +C3W 3t+9 + ...+C10W 10t+9 + b1logm1t+9 + e1t+9
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w2t = A+

i
Ai2zi2t +C1W 1t +C3W 3t + ...+C10W 10t + b2logm2t + e2t
...
w2t+9 = A+

i
Ai2zi2t+9 +C1W 1t+9 +C3W 2t+9 + ...+C10W 10t+9 + b2logm2t+9 + e2t+9
...
w10t = A+

i
Ai10zi10t +C1W 1t +C2W 2t + ...+C9W 9t + b10logm10t + e10t
...
w10t+9 = A+

i
Ai10zi10t+9 +C1W 1t+9 +C2W 2t+9 + ...+C9W 9t+9 + b10logm10t+9 + e10t+9
Ch is the parameter of the externality variable of cohort h. It indicates the
eﬀect on average of the externality caused by the petrol total expenditure of
decile h on the petrol budget share of the remaining deciles. Aih, bh measure
respectively the mean eﬀect of the demographic variable i and of the log of
income of decile h of each cohort on the dependent variable. Ten represen-
tative decile cohorts have been thus created, each of them representing the
mean consumption behaviour through time of a household with particular
income condition. The ﬁrst decile cohort is tracking the consumption pat-
tern of the poorest representative household through time, the last decile
of the richest one. Previous literature on cohort analysis has been used to
test life-cycle theory. For example, Browning et al. (1981) estimate the
individual life-cycle of hours and wages. They simulate a panel data using
cohort means of a continuum of household cross sections. The cohorts have
been created according to the age of the head of the household. The age
cohort mean of each variable can be thus essentially interpreted as an in-
dividual panel observation, reproducing the behaviour of the representative
consumer in a particular period of his life. In our case, the information on
consumption patterns are at a more aggregate level since the households
have not been grouped on the basis of an individual variable but consider-
ing a household variable. The representative consumer interpretation seems
appropriate only assuming that the head of household income is the main
source of household total expenditures. It seems diﬃcult, also, to interpret
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this model in term of life cycle theory. We can’t test if the ﬁnancial condi-
tions of the representative household in time t are stationary or are evolving
in the following time periods.
To estimate the model, the externality eﬀect can be approximated to
Eht = wht ∗ mht for each h = 1, ..10 and t = 1, ..10. Considering the
low variability of the income in each cohort decile, this approximation is
acceptable. In a vector form the model becomes :
w1 = A+

i
Ai1zi1 +C2w2 ∗m2 +C3w3 ∗m3 + ...+C10w10 ∗m10 + b1logm1 + e1
w2 = A+

i
Ai2zi2 +C1w1 ∗m1 +C3w3 ∗m3 + ...+C10w10 ∗m10 + b2logm2 + e2
(3)
w10 = A+

i
Ai10zi10 +C1w1 ∗m1 +C2w2 ∗m2 + ...+C9w9 ∗m9 + b10logm10 + e10
where wh, zih,mh, logmh are the ten observation vectors respectively for
the petrol budget share, demographic variable i, income and log of income
of the decile cohort h (with h = 1, ..10).
The structural form is a non linear simultaneous equation model with
10 endogenous variables represented by the total petrol budget expenditure
means of each decile cohort. The estimation of each equation independently
of the others is equivalent to the estimation of each single reaction curve.
But the estimation of the overall system requires the imposition of an equi-
librium condition. In brief, the estimation of the equations simultaneously
is equivalent to the estimation of the Nash equilibrium behaviour in the
petrol pattern consumption of each representative cohort. To have a unique
numerical estimation of the structural coeﬃcients of our model, the system
of simultaneous equations should be identiﬁed. Let us deﬁneM as the num-
ber of exogenous variables in the system; Mi as the number of exogenous
variables appearing in equation i; G the number of endogenous variables. A
necessary condition for a system to be identiﬁed is that for each equation
the number of excluded exogenous variables ( M −Mi) should be at least
as great as the number of included right-hand-side endogenous variables (
G − 1). This is the “order condition” for identiﬁcation of each equation
(see, for example, Wooldridge (2001) p. 215). In our case this condition is
satisﬁed since M −Mi > G − 1 in each equation. The satisfaction of the
order condition is not suﬃcient for the identiﬁcation of the parameters of
the structural equations. Another condition should be satisﬁed, the so called
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“rank condition”. Let us deﬁne Ri as the Ji × (G +M) matrix of known
constant where Ji is the number of restrictions on the vector of structural
parameters of equation i. In a linear system of endogenous variables, the
coeﬃcients of the structural equations are identiﬁed if and only if the rank
RiB = G− 1, where B is the (G+M)×G matrix of structural parameters
in the system (see, for example, Wooldridge (2001) p. 218). In our case, the
system is non linear in the endogenous variables since the right hand side
endogenous variables are multiplying the exogenous income variables. To
simplify the estimation, one method extensively used is to relabel the non
linear function of the endogenous variables as new variables. In our model,
thus, we have ten additional endogenous variables. It has been shown (see
Wooldridge (2001) pp. 230- 234) that using this method the rank condition
should be applied “without increasing the number of equations” (Wooldridge
(2001) p. 234): in our case rank RiB = 9 for the identiﬁcation of the system.
In the appendix A, we show that this condition is satisﬁed. The model is,
in principle, overidentiﬁed, since the number of excluded exogenous in each
equation is greater that the number of right hand side endogenous variables.
The estimates of the structural parameters are not unique. One way of en-
suring uniqueness is to apply 2SLS to a system of simultaneous equation
model overidentiﬁed. Before presenting the empirical results applying this
technique, the data set is described in the next section.
4 Data description
We used data from the 1991 to 2000 Family Expenditure Surveys (FES)
of the United Kingdom to estimate the externality eﬀect. The ten cross
sections of seven thousand British families have been divided into diﬀerent
subsamples according to the geographic location of each household. The
geographic location has been speciﬁed by two spatial variables: standard
region (i.e. North West, North, Welsh, Greater London,...) and adminis-
trative area (i.e. metropolitan-non metropolitan area classiﬁed according to
the density of the population). Each subsample represents thus the expen-
diture record of families living in the same geographic region with the same
population density. Among all the subsamples created, we have decided to
focus on the samples of families living in metropolitan zones since only in
these zones the public transportation system is extensively developed, of-
fering a valid alternative to personal motoring. The decision between using
the car or using the public transportation system can be thus aﬀected by
the traﬃc congestion of the area. In non-metropolitan or rural area this
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Table 1: Number of households in each cross section for Newcastle
Year N. of observations
1991 152
1992 157
1993 159
1994 150
1995 155
1996 125
1997 143
1998 132
1999 135
2000 116
total 1424
alternative is not eﬀectively present due to the relative lack of the local
transportation. Personal motoring may represent the only option for house-
holds, despite of the level of traﬃc congestion reached in the area: it should
be diﬃcult to test the presence of negative interdependent externalities in
the petrol expenditures of resident households. We have also excluded Lon-
don since it has always represented an exception for the complexity of its
urban structure and transportation systems. From the ﬁve samples created
in each year (respectively for Glasgow, Newcastle, Leeds, Manchester, Birm-
ingham), in this paper we have chosen to present the results of the estimates
of the petrol consumption externalities of households located in Newcastle
and surroundings.
Table 1 shows the number of observations available for our study in
each year. Each cross section represents the random sample of households
living in Newcastle each year. We cannot follow the individual household
behaviour through time, as in the panel data. But since we are dealing with
a continuum of cross sections, in each year we can create representative
households according to particular criteria and follow the consumption of
these representative households through time. In Browning et al. (1985)
the households have been grouped according to the age of the head of the
households. In our case the representative households are created in relation
to the income decile to which they belong. We have originated ten income
cohorts in each cross sections. Looking at the mean behaviour of these
cohorts of households through the surveys, we can track the mean behaviour
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Table 2: Number of households in each cross section without missing values
Year N. of observations
1991 124
1992 146
1993 138
1994 150
1995 155
1996 125
1997 143
1998 132
1999 135
2000 116
total 1364
Table 3: Mean by decile of number of workers, children, cars and age without
missing values
Decile workers children cars age
1 .0991736 .1570248 .0495868 61.87603
2 .0967742 .2903226 .1209677 58.77419
3 .2518519 .4740741 .2222222 51.57037
4 .4744526 .4525547 .4525547 54.31387
5 .7769784 .7338129 .5467626 47.47482
6 1.06993 .6013986 .7202797 47.97203
7 1.340278 .7916667 .7916667 45.34722
8 1.438849 .7625899 .9208633 45.57554
9 1.819444 .6388889 1.326389 43.94444
10 1.934783 .9202899 1.456522 43.7971
tot .957478 .5923754 .6788856 49.761
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Table 4: Mean by year of number of workers, children, cars and age without
missing values
Year workers children cars age
1991 1.266129 .6048387 .7016129 46.79839
1992 1.212329 .6986301 .8424658 48.13014
1993 1.130435 .5869565 .7101449 47.25362
1994 .82 .5066667 .6333333 50.68
1995 .8322581 .5870968 .6322581 51.65161
1996 .872 .672 .632 50.44
1997 .8741259 .5804196 .6433566 50.32867
1998 .9848485 .5227273 .9208633 45.57554
1999 .6444444 .5185185 .7424242 49.80303
2000 .9741379 .6637931 .7068966 50.42241
tot .957478 .5923754 .6788856 49.761
of households placed in the same income decile through time. The cohort
means can be interpreted thus as a panel data.
Table 2 indicates the number of observations in each random sample
once the missing values have been dropped. As expected, the missing values
are present in the less recent cross sections (1991-1993).
Table 3 and Table 4 examine respectively the means over time for each
decile and the overall means of each sample without missing values. The
means of the demographic variables are not signiﬁcantly aﬀected once the
missing values have been eliminated. Only the sample overall means of the
variables in the three cross sections 1991-1993 are inﬂuenced. In principle,
we could have left the missing values: they are irrelevant for the robustness
of our estimations. For methodological accuracy, we have decided to drop
them.
The number of workers and the number of cars are on average increasing
in each decile. The age of the head of the household tends to decrease. Since
our aim is to measure the interdependence in petrol expenditures for mo-
toring, the samples have been further selected considering only households
owning at least a car and with positive petrol expenditure. We are not con-
sidering corner solution equilibria. This sample selection may cause sample
selectivity bias. We claim that the inconsistency caused by this selection
is however negligible. The set of households without cars almost coincides
with the set of households with null petrol budget shares. We are essen-
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Table 5: Number of households in each cross section with positive budget
shares
Year N. of observations
1991 59
1992 80
1993 66
1994 67
1995 72
1996 47
1997 57
1998 60
1999 53
2000 46
total 607
Table 6: Mean by year of number of workers, children, cars and age of
households with positive budget shares
Year workers children cars age
1991 1.356 .508 1.237 47.204
1992 1.563 .687 1.362 46.725
1993 1.424 .606 1.242 46.061
1994 1.239 .701 1.209 46.403
1995 1.153 .569 1.264 48.931
1996 1.426 .574 1.298 46.489
1997 1.351 .544 1.246 46.509
1998 1.3 .417 1.367 49.633
1999 1.132 .566 1.189 49.736
2000 1.413 .848 1.391 45.739
tot 1.338 .601 1.280 47.362
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Table 7: Mean by decile of number of workers, children, cars and age of
households with positive budget shares
Decile workers children cars age
1 .361 .066 1 59.246
2 .623 .393 1.033 49.951
3 .967 .525 1.147 48.967
4 1.183 .667 1.167 49.4
5 1.311 .770 1.164 45.721
6 1.623 .869 1.230 43.016
7 1.517 .533 1.217 45.817
8 1.852 .688 1.443 43.984
9 1.984 .754 1.705 44.885
10 1.967 .75 1.7 42.567
tot 1.338 .601 1.280 47.362
tially doing a sample selection based on independent variables, that doesn’t
cause signiﬁcative statistical problems (see for example Wooldridge (2003)
p. 310).
Table 5 shows the number of households in each random sample once
households without cars or with a null annual petrol expenditure have been
eliminated. Since the random samples selected are now more restricted, the
households are less heterogeneously distributed as before. In Table 6 it is
possible to observe that the means of the demographic variables for each
year sample don’t vary signiﬁcantly over time: the factor of randomness of
the samples has been reduced. Looking at Table 7, the average number of
workers increases in each decile while the average age is signiﬁcantly reduced
in each cohort, sensitively in the lowest deciles. This suggests that the
number of observations dropped refer principally to single unit households
of pensioners or unemployed.
As expected, the means over time for workers and cars are increasing in
each decile. The decile cohorts in the middle of the income distribution have
the higher number of children on average. The oldest households belong
to the lowest decile, characterised principally by pensioners. Let us now
consider the means within decile and over time of total petrol expenditure
deﬂated3 and petrol budget shares (see Table 8 and Table 9).
3To deﬂate the variable used in this Table, we have used the OECD 1999 Deﬂator
Serie and the petrol price per litre from “Transport Statistics Great Britain 27th edition
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Table 8: Average total expenditure, petrol expenditure, and petrol budget
shares over time
Decile totexp. petrol exp. petrol budget shares
1 53.612 8.129 .148
2 92.603 6.606 .077
3 126.352 9.730 .076
4 158.865 11.399 .072
5 201.490 12.127 .061
6 250.339 14.439 .058
7 300.237 15.615 .052
8 361.042 16.593 .046
9 464.176 20.921 .045
10 733.323 23.821 .035
tot 374.157 16.874 .052
Table 9: Average total expenditure, petrol expenditure, and petrol budget
shares in each cross section
Year totexp. petrol exp. petrol budget shares
1991 346.245 15.027 .055
1992 372.523 15.280 .047
1993 357.509 16.440 .054
1994 346.200 15.758 .052
1995 379.767 17.517 .050
1996 375.532 15.652 .050
1997 407.799 16.462 .048
1998 404.993 18.741 .055
1999 344.283 18.429 .059
2000 419.733 20.793 .055
tot 374.157 16.874 .052
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From Table 8 it is evident that the increase in total expenditure in each
decile cohort is more than proportional to the increase in petrol expendi-
ture. Even if the total petrol expenditure is increasing in each decile cohort,
the petrol budget share results diminishing. Measuring the externality in
terms of petrol budget shares is thus not appropriate. For example, the rich-
est families spend more in petrol (they cause more traﬃc congestion than
the poorest families) but their petrol budget share is less that the poorest
families. Representing the externality in terms of budget shares would be
biased by household income level. In order to avoid misleading measures of
this eﬀect, we represent externality as average total petrol expenditures. In
Table 9, instead, we can observe that the year mean of total expenditure
deﬂated and petrol expenditure deﬂated tends to increase proportionally
through time: the petrol budget share means are almost constant. In the
following sections we present the estimates of our work.
5 Econometric Results: Estimation of the Nash
equilibrium
In this section the Nash equilibrium estimates are presented. Firstly, we
show that a restricted version of model speciﬁed in (3) is accepted (the
accepted restrictions are C1 = C2 = C4 = C5 = C6 = C9 = 0 (see Section
5.1)). Secondly, another restricted model is considered: the single popular
externality eﬀect. The restrictions imposed are: C1 = ... = C10 = C (see
Section 5.2). The two restricted models are compared and tested. For both
of them, after the cross section estimates we present the results of the panel
data estimators.
5.1 The Restricted Speciﬁc Cohort Model
As previously explained in Section 3, the structural form of our model is
a non linear system of simultaneous equations. To simplify the method of
estimation, the system is rearranged as follows:
(2001)” by the Department for Transport, Local Government and the Regions, p. 38.
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

w1
w2
...
w10

 =


1 z1 · · · 0 logm1 · · · 0 0 · · · E10
1 0 0 0 0 E1 E10
...
...
...
...
...
...
...
1 0 · · · z10 0 · · · logm10 E1 · · · 0




A
a1
...
a10
b1
...
b10
C1
...
C10


We have transformed the original non linear simultaneous equation model
into a linear system with endogenous variables. The dependent variable
is represented by the petrol budget share vector of each decile (wh with
h = 1, ..10), the included exogenous variable i is a variable with demo-
graphic or income decile h observations if the decile= h and null observa-
tions if decile h = k (with h and k = 1....10). The externality variables
are the endogenous variables of the system. Externality variable h is char-
acterised by null observations if decile=h, and petrol total expenditure for
the remaining deciles. We are assuming that the petrol total expenditure of
each cohort is aﬀecting the petrol budget shares of the other cohorts with
the same intensity.
Since the endogenous variables are correlated with the error terms, to
provide consistent and eﬃcient estimations an appropriate estimation method
is required. We should ﬁnd a set of instrumental variables (excluded exoge-
nous) correlated with the endogenous variables but uncorrelated with the
error terms. The ﬁrst stage of the estimation consists in regressing each en-
dogenous variable on all the exogenous variables. The second stage consists
in running the structural equation regression, replacing each endogenous
variable with its own ﬁtted values stored in the ﬁrst stage regressions. To
ensure valid standard errors and t statistics, we have applied 2sls Stata
econometric package. The cross-section estimates are shown in Table 10.
These estimations are the ﬁnal results of the 2sls stepwise regression,
once the less signiﬁcant variables have been dropped out in each step on the
base of a t test. The unrestricted model has been thus rejected in favour of a
more restricted one, assuming that C1 = C2 = C4 = C5 = C6 = C9 = 0. The
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Table 10: Cross section estimates
Coeﬃcients Standard error t-value p-value
constant 0.683 0.274 2.77 0.007
logincome2 -.091∗∗∗∗ 0.037 -2.43 0.018
logincome3 -.089∗∗∗ 0.039 -2.30 0.024
logincome4 -0.094∗∗∗∗ 0.037 -2.51 0.014
logincome5 -0.076∗∗∗ 0.036 -2.11 0.038
logincome6 -0.076∗∗∗ 0.035 -2.16 0.034
logincome7 -0.079∗∗∗ 0.035 -2.28 0.026
logincome8 -0.085∗∗∗ 0.037 -2.31 0.023
logincome9 -0.070∗∗∗ 0.032 -2.19 0.032
logincome0 -0.073∗∗∗ 0.031 -2.33 0.022
car1 -0.412∗∗∗ 0.206 -2.00 0.048
car2 -0.463 0.107 0.43 0.668
car4 0.083 0.055 1.50 0.138
car9 0.035 0.028 1.25 0.213
workt9 -0.031 0.031 -1.00 0.322
ext.income3 -0.0038∗∗∗∗ 0.001 -2.54 0.013
ext.income7 -0.0018∗∗∗ 0.001 -2.02 0.046
ext.income8 -0.0037∗∗∗ 0.002 -2.23 0.029
ext.income10 -0.0012∗∗∗ 0.001 -2.05 0.044
R2 0.010
R2 − adjusted -0.210
n 100
NOTES: (1)∗∗∗indicates signiﬁcance at the 2.5 per cent level
(2)∗∗∗∗indicates signiﬁcance at the 1 per cent level
Table 11: Diagnostic tests of cross section estimates
Sargan Test: χ2(15)=9.795 [0.832]
Test for endogeneity: F (4, 77)=13.60 [0.000]
Heteroskedasticity Test: F (35, 45)=1.146 [0.330]
Testing beta=0: χ2(18)=69.444 [0.000]
Normality Test: χ2(2)=0.292 [0.863]
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Figure 1: Residuals are independently and identically distributed as a nor-
mal N ∼ (0, σ2)
Figure 2: Plot of actual and ﬁtted values of petrol budget shares of cross
section estimates.
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demographic variables seem almost irrelevant in the explanation of the con-
sumption pattern of household petrol budget expenditures (only the number
of cars in decile 1 is signiﬁcant at the 2.5 percent of the conﬁdence interval).
The signiﬁcant variables that explain the household consumption behaviour
of this good are the log of deﬂated total expenditure and externality vari-
ables. All the diagnostic test requirements are satisﬁed and there is evidence
of endogeneity (see Table 11).
The Sargan test is also denominated “speciﬁcation test” or test for
“overidentifying restrictions”. It tests that the set of instruments is “well
speciﬁed”, uncorrelated with the errors term. On the basis of the result
shown in Table 11, we cannot reject the hypothesis that the set of instru-
ments are uncorrelated with the error term even at a 10% conﬁdence level
(see Sargan Test: the value of the Chi-square distribution with 15 degrees
of freedom is below the 10% critical level). The set of instruments satisﬁes
the requirement of exogeneity4.
The test for endogeneity is checking that the residuals obtained from
the reduced form for the endogenous variables using OLS are signiﬁcant
in the structural equations. In this case we reject the hypothesis that the
coeﬃcients of the residuals null at the 1 per cent signiﬁcance level.
We can not reject the hypothesis that the error terms are homoskedastic
(Heteroskedasticity test)5, independently and identically distributed as a
normal N ∼ (0, σ2) (Normality test). This is evident also from the Fig. 1.
We reject also the hypothesis that the coeﬃcients of the structural model
are null (testing beta=0).
In Fig. 2 we graph the actual and ﬁtted values of our model. The
observations are distributed along the intercept of the quadrant, but with a
signiﬁcative dispersion.
Particularly, in Table 12 the results of the ﬁxed eﬀect model are pre-
sented.
The externality variables have still a signiﬁcative explanatory power, but
not surprisingly the log of income variables are no longer signiﬁcant in this
case. Probably because of the lack of variability of these variables through
4 In details, the set of instruments used are: the variables for the number of cars in
real terms of decile 1,3,0; total number of workers of decile 7; total number of workers in
real term for decile 1,2,4,6,7,8,10; log of income squared for decile 1; 3 additional income
variables for decile 3,4,8 in which the own income decile observations are repeated for each
decile and 3 additional car variables for decile 2,3,7 having the own car decile observations
repeated in each decile.
5Consider (3). In the equilibrium, the budget share of each equation is a function
also of the error term of all the remaining equations. In principle, we should expect
heteroskedasticity. There is not evidence of it.
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Table 12: Panel data: ﬁxed eﬀect estimates
Coeﬃcients Standard error t-value p-value
constant 0.635 0.272 2.33 0.020
logincome2 -0.079 0.058 -1.35 0.175
logincome3 -0.074 0.088 -0.84 0.403
logincome4 -0.067 0.088 -0.76 0.448
logincome5 -0.124 0.168 -0.74 0.460
logincome6 -0.130 0.121 -1.07 0.282
logincome7 -0.018 0.077 -0.24 0.813
logincome8 -0.057 0.065 -0.88 0.377
logincome9 -0.078 0.074 -1.05 0.296
logincome0 -0.125 0.085 -1.47 0.142
car1 -0.412∗∗∗ 0.206 -2.00 0.048
car2 -0.062 0.106 0.59 0.555
car4 0.084∗ 0.052 1.61 0.107
car9 0.039 0.027 1.41 0.158
workt9 -0.032 0.030 -1.05 0.293
ext.income3 -0.0036∗∗∗ 0.001 -2.33 0.020
ext.income7 -0.0015∗∗ 0.001 -1.75 0.080
ext.income8 -0.0032∗∗ 0.002 -1.88 0.059
ext.income10 -0.0010∗∗ 0.001 -1.79 0.074
R2 0.158
n 100
F †(9, 73) 0.16 [0.997]
NOTES: (1)∗indicates signiﬁcance at the 10 per cent level
(2)∗∗indicates signiﬁcance at the 5 per cent level
(3)∗∗∗indicates signiﬁcance at the 2.5 per cent level
(4)† This is the F test on the individual dummy variables
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Figure 3: Log of income of the ﬁrst ﬁve income decile cohorts through time
Figure 4: Log of income of the ﬁve richest income decile cohorts through
time
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time in each decile. This is evident from Figure 3 and 4 where the log of
deﬂated total expenditure is almost constant for each decile through time.
The ﬁxed eﬀect model cannot be a suitable framework to explain our
problem, since the hypothesis of null individual speciﬁc dummy variables is
accepted on the base of the F test speciﬁed in Table 12. The unobserved ﬁxed
individual eﬀects are thus irrelevant to explain the household externality
behaviour. The random eﬀect model is inestimable due to the fact that
the rank of the variance covariance matrix is null. In this framework, when
few cohort speciﬁc externality variables are signiﬁcant, the cross section
methodology is the most suitable to explain the data set. Let us consider
another speciﬁc case of our original model: the single popular externality
eﬀect.
5.2 The Single Common Popular Channel
In the previous section a restricted form of the original model has been
estimated. Another special case of the original model can be considered:
the common popular single channel eﬀect, in which the individual household
budget share is aﬀected by the petrol expenditure of the other representative
cohorts. The restrictions imposed are thus: C1 = ... = C10 = C. The result
of the pooling independent cross section estimates are shown in Table 13.
As in the previous case only income and externality regressors are rele-
vant in the explanation of the household petrol consumption: demographic
variables result almost irrelevant, numbers of car are signiﬁcant only for the
less wealthy households. Income is important for the six poorest deciles.
For the richest households only externality variables and the constant
are signiﬁcant in explaining their petrol consumption behaviour.
The cross section regressions satisfy all the diagnostic test requirements
(see Table 14). Since we are dealing only with one right hand side endoge-
nous variable, the test of endogeneity is a t test on the residuals of the
reduced form of the externality variable in the structural equation. Since
the residual variable is signiﬁcant, we can not reject the hypothesis of endo-
geneity.
Also in this case the standard errors are independently and identically
distributed as a normal function (see Fig. 5). Fig. 6 plots the actual and
ﬁtted values of petrol budget shares assuming the single popular externality
hypothesis. Comparing to Fig. 2, the observations show less dispersion
along the 45 degree line. This observation can be suﬃcient to reject the
model estimated in the previous section.
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Table 13: Cross section estimates of the single popular externality eﬀect
Coeﬃcients Standard error t-value p-value
constant 0.108 0.029 3.45 0.001
logincome1 -0.052∗ 0.036 -1.43 0.156
logincome2 -0.026∗∗ 0.015 -1.74 0.085
logincome3 0.004∗∗∗∗∗ 0.001 4.73 0.000
logincome4 -0.020∗∗∗∗∗ 0.007 -2.76 0.007
logincome5 0.003∗∗∗∗∗∗ 0.001 3.47 0.001
logincome6 0.001∗∗ 0.001 1.62 0.109
car1 0.295∗∗ 0.175 1.69 0.095
car2 0.151∗∗∗ 0.069 2.18 0.032
car4 0.119∗∗∗∗∗ 0.036 3.27 0.002
car9 0.048∗∗∗∗∗ 0.017 2.78 0.007
workt2 0.012 0.022 0.55 0.584
wortk9 -0.040∗∗∗∗∗ 0.015 -2.72 0.008
sumext -0.0004∗∗∗ 0.001 -2.12 0.037
R2 0.5177
R2 − adjusted 0.4448
n 100
NOTES: (1)∗indicates signiﬁcance at the 10 per cent level
(2)∗∗indicates signiﬁcance at the 5 per cent level
(3)∗∗∗indicates signiﬁcance at the 2.5 per cent level
(4)∗∗∗∗indicates signiﬁcance at the 1 per cent level
(5)∗∗∗∗∗indicates signiﬁcance at the 0.5 per cent level
For a more rigorous procedure we use the Davidson-MacKinnon test for
non nested model6.
In Table 15 we show the results of testing the single popular external-
ity model against the restricted cohort speciﬁc externality model previously
estimated. Since the ﬁtted values of the ﬁrst model presented in this sec-
tion are not statistically signiﬁcant we can not reject the single popular
externality model.
In Table 16 instead the cohort speciﬁc externality eﬀect is tested against
the single popular channel. Also in this case the ﬁtted values of the second
6As previously argued, both the models estimated are speciﬁc cases of the original
model presented in Section 3. In the previous case we have imposed that C1 = C2 =
C4 = C5 = C6 = C9 = 0 . In the single popular model, instead, that C1 = ... = C10 = C.
None of them can be obtained as a special case from the other.
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Table 14: Diagnostic tests for the single popular externality case of cross
section estimates
Sargan Test: χ2(6) = 3.001 [0.809]
Test for endogeneity: t(84) = 2.74 [0.007]
Heteroskedasticity Test: F (25, 60) = 0.420 [0.990]
Testing beta=0: χ2(13) = 110.52 [0.000]
Normality Test: χ2(2) = 1.167 [0.558]
Figure 5: Residuals are independently and identically distributed as a nor-
mal N ∼ (0, σ2) in the case of the single popular externality eﬀect
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Figure 6: Actual and ﬁtted values of petrol budget shares in the case of a
single common popular externality eﬀect with cross section methods
model are not signiﬁcant: it is not possible even to reject the ﬁrst model
tested. Since both the models are accepted according to the MacKinnon-
Davidson test procedure, an additional selection criterium should be consid-
ered. There is common agreement that the comparison of the adjusted
R2 can be used to discriminate between the models (see, for example,
Wooldridge (2003) p. 295). In this case the common popular model appears
to be the most appropriate to describe households consumption behaviour
(its adjusted R2 value is higher that the one of the other model). Since the
single common popular is the accepted model, we can extend further the
analysis of its interpretative power considering a panel data setting. In Ta-
ble 17 and Table 18 the results of the ﬁxed eﬀect model and of the random
eﬀect are respectively presented.
As in the previous case, the ﬁxed eﬀect is rejected on the base of a F
test.
Also the Hausman test favours to the random eﬀect method: χ2(12)=1.19
[1.0000].
The null hypothesis that the diﬀerence between the ﬁxed and the random
eﬀect coeﬃcient is not systematic is accepted. It is not possible to reject
the hypothesis at the base of the random eﬀect method that the unobserved
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Table 15: Davidson-MacKinnon test for the single popular externality model
Coeﬃcients t-value
constant 0.103 3.28
logincome1 -0.049 -1.33
logincome2 -0.023 -1.57
logincome3 0.004 3.70
logincome4 -0.019 -2.47
logincome5 0.003 3.04
logincome6 0.001 1.52
car1 0.276 1.58
car2 0.138 1.96
car4 0.113 2.88
car9 0.046 2.51
workt2 0.011 0.47
wortk9 -0.038 -2.46
sumext -0.0004 -2.28
ﬁtted values model 1 .066 0.68
individual eﬀect is uncorrelated with each explanatory variable.
Comparing the random eﬀect model with the independent pooling cross
section model, it is interesting to notice the similarity of the estimate results.
6 Other metropolitan area data sets
This paper focuses on the measuring of Nash equilibrium consumption ex-
ternalities in petrol budget shares of families living in Newcastle area. In
UK, there are other four metropolitan areas: Birmingham, Leeds, Glasgow,
Manchester. The Glasgow data set has similar number of observations to
the Newcastle data set (795 observations without missing values and with
positive petrol budget shares). The data set of families living in Birm-
ingham with a positive petrol budget expenditure is characterised by 1543
observations. The number of observations for households in Leeds is 2155.
The biggest data set is characterised by the year random samples of house-
holds living in Manchester (2292 observations once missing value and null
petrol expenditure have been eliminated). The results obtained in the rel-
atively small data set representing the Newcastle area are still conﬁrmed
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Table 16: Davidson-MacKinnon test for the speciﬁc cohort externality model
Coeﬃcients t-value
constant 0.683 2.77
logincome2 -0.061 -2.43
logincome3 -0.052 -2.14
logincome4 -0.061 -2.21
logincome5 -0.049 -1.96
logincome6 -0.046 -2.00
logincome7 -0.046 -1.98
logincome8 -0.048 -2.08
logincome9 -0.046 -2.08
logincome0 -0.044 -2.12
car1 -0.245 -1.87
car2 0.060 0.74
car4 0.072 1.50
car9 0.029 1.75
workt9 -0.017 -0.69
ext.income3 -0.0019 -2.61
ext.income7 -0.0003 -0.57
ext.income8 -0.0012 -2.06
ext.income10 -0.00038 -1.05
ﬁtted values II model .251 0.79
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Table 17: Panel Data: ﬁxed eﬀect estimates of the single popular externality
eﬀect
Coeﬃcients Standard error t-value p-value
constant 0.1063 0.100 1.06 0.288
logincome1 -0.0538∗ 0.036 -1.47 0.141
logincome2 -0.034 0.049 -0.70 0.486
logincome3 -0.012 0.066 -0.18 0.854
logincome4 -0.0520 0.061 -0.85 0.397
logincome5 0.0804 0.102 0.79 0.430
logincome6 0.01513 0.085 0.18 0.859
car1 0.2948∗∗ 0.175 1.69 0.095
car2 0.1442∗∗ 0.082 1.76 0.078
car4 0.1199∗∗∗∗∗ 0.036 3.33 0.001
car9 0.0497∗∗∗∗∗ 0.017 2.83 0.005
workt2 0.0106 0.025 0.42 0.671
wortk9 -0.0327∗ 0.022 -1.52 0.129
sumext -0.0004∗∗ 0.000 -1.85 0.065
R2 0.041
n 100
F †(9, 78) 0.93 [0.506]
NOTES: (1)∗indicates signiﬁcance at the 10 per cent level
(2)∗∗indicates signiﬁcance at the 5 per cent level
(3)∗∗∗indicates signiﬁcance at the 2.5 per cent level
(4)∗∗∗∗indicates signiﬁcance at the 1 per cent level
(5)∗∗∗∗∗indicates signiﬁcance at the 0.5 per cent level
(6)† this is the F test on the individual dummy variables
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Table 18: Panel data: random eﬀect estimates of the single popular exter-
nality eﬀect
Coeﬃcients Standard error t-value p-value
constant 0.1029 0.0290 3.54 0.000
logincome1 -0.0515∗ 0.0354 -1.45 0.147
logincome2 -0.0256∗∗ 0.0145 -1.76 0.078
logincome3 0.0044∗∗∗ 0.0019 2.32 0.000
logincome4 -0.0205∗∗∗∗∗ 0.0074 -2.78 0.007
logincome5 0.0032∗∗ 0.0018 1.82 0.069
logincome6 0.0015 0.0017 0.87 0.386
car1 0.2918∗∗ 0.1700 1.72 0.086
car2 0.1505∗∗∗ 0.0673 2.24 0.025
car4 0.1195∗∗∗∗∗ 0.0354 3.37 0.001
car9 0.0484∗∗∗∗∗ 0.0168 2.88 0.004
workt2 0.0117 0.0215 0.55 0.585
wortk9 -0.0399∗∗∗∗∗ 0.0147 -2.70 0.007
sumext -0.0004∗∗∗ 0.00019 -2.23 0.026
R2 0.5177
n 100
NOTES: (1)∗indicates signiﬁcance at the 10 per cent level
(2)∗∗indicates signiﬁcance at the 5 per cent level
(3)∗∗∗indicates signiﬁcance at the 2.5 per cent level
(4)∗∗∗∗indicates signiﬁcance at the 1 per cent level
(5)∗∗∗∗∗indicates signiﬁcance at the 0.5 per cent level
in the other data sets, despite of the increase in the number of observa-
tions. For example in Table 19 we estimate the single popular externality
model with independent pooling cross sections for Manchester (the sample
with the largest number of observations). There is still evidence of negative
externality eﬀects in the households petrol expenditures.
Also in this case all the diagnostic requirements are satisﬁed (see Table
20) and the externality variables is endogenous.
The ﬁxed eﬀect model is not accepted: the F test on the individual
dummies does not reject the null hypothesis: F (9, 77) = 0.60. The results
obtained in relatively small samples are still conﬁrmed once larger number
of observations are considered.
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Table 19: Cross section estimates for Birmingham
Coeﬃcients Standard error t-value p-value
constant 0.0788 0.015 5.21 0.000
logincome1 -0.0320∗∗ 0.016 -1.92 0.058
logincome3 0.0011∗∗ 0.001 1.69 0.095
logincome5 -0.0075∗ 0.005 -1.49 0.140
logincome6 -0.0011∗∗ 0.001 -1.71 0.091
logincome8 -0.0089∗∗ 0.005 -1.72 0.090
logincome9 -0.0020∗∗∗∗∗ 0.001 -3.31 0.001
car1 0.1765∗∗∗ 0.078 2.25 0.027
car2 0.0095∗∗∗∗∗ 0.003 2.73 0.008
car5 0.0331∗ 0.023 1.45 0.149
car7 -0.0053∗∗ 0.003 -1.95 0.054
car8 0.0291∗ 0.020 1.45 0.150
car0 -0.0108∗∗∗∗∗ 0.002 -5.30 0.000
sumext -0.0002∗∗ 0.000 -1.77 0.080
R2 0.6795
R2 − adjusted 0.6311
n 100
NOTES: (1)∗indicates signiﬁcance at the 10 per cent level
(2)∗∗indicates signiﬁcance at the 5 per cent level
(3)∗∗∗indicates signiﬁcance at the 2.5 per cent level
(4)∗∗∗∗∗indicates signiﬁcance at the 0.5 per cent level
7 Conclusion
We provide empirical estimates of Nash equilibrium negative externalities in
household petrol budget shares. For this purpose we have used a continuum
of ten cross sections from FES (1991-2000), selecting random samples of
households living in Newcastle. In each year the household observations have
been grouped according to the household income decile. Ten representative
income decile cohorts have been created. We evaluate two restricted models,
namely the cohort speciﬁc externality eﬀect and the single popular case,
using cross section and panel data techniques. The single popular model is
the one most suitable to describe the consumption behaviour of our samples.
This result is conﬁrmed also for data sets with larger observations. We
suggest that, in order to internalise the externality eﬀect, a tax independent
of household income should be implemented.
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Table 20: Diagnostic tests for the single popular externality case of cross
section estimates for Birmingham
Sargan Test7: χ2(3)=0.741 [0.863]
Test for endogeneity: t(16, 83)=4.11 [0.0000]
Heteroskedasticity Test: F (25, 59)=1.146 [0.117]
Testing beta=0: χ2(13)=205.97 [0.000]
Normality Test: χ2(2)=2.748 [0.253]
Appendix A: Identiﬁcation of the system
Consider the system (3):
w1 = A+

i
Ai1zi1 +C2w2 ∗m2 +C3w3 ∗m3 + ...+C10w10 ∗m10 + b1logm1 + e1
w2 = A+

i
Ai2zi2 +C1w1 ∗m1 +C3w3 ∗m3 + ...+C10w10 ∗m10 + b2logm2 + e2
w10 = A+

i
Ai10zi10 +C1w1 ∗m1 +C2w2 ∗m2 + ...+C9w9 ∗m9 + b10logm10 + e10
To simplify the analysis suppose that the system is organised in three
decile cohorts and that only one demographic variable is present in each
equation:
w1 = A+A11z1 +C2w2 ∗m2 +C3w3 ∗m3 + b1logm1 + e1
w2 = A+A22z2 +C1w1 ∗m1 +C3w3 ∗m3 + b2logm2 + e2
w3 = A+A23z3 +C1w1 ∗m1 +C2w2 ∗m2 + b3logm3 + e10
The model is a non linear simultaneous system in three endogenous variables
w1, w2, w3 (G = 3) with six predetermined exogenous variables (M = 6)
and two predetermined variables for each equation (Mi = 2). According
to Fisher (1965), for identiﬁcation it is suﬃcient to relabel wi ∗mi as new
variables (with i = 1, .., 3) and to obtain that rank RiB = 2 (the number of
the original endogenous variables minus 1).
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The “extended” form of our model becomes:
w1 = e12w2 + e13w3 +A11z1 +A12z2 +A13z3 +C11w1 ∗m1 +C12w2 ∗m2 +
C13w3 ∗m3 + b11logm1 + b12logm2 + b13logm3 +A+ e1
w2 = e21w1 + e23w3 +A21z1 +A22z2 +A23z3 +C21w1 ∗m1 +C22w2 ∗m2 +
C23w3 ∗m3 + b21logm1 + b22logm2 + b23logm3 +A+ e2
w3 = e31w1 + e32w2 +A31z1 +A32z2 +A33z3 +C31w1 ∗m1 +C32w2 ∗m2 +
C33w3 ∗m3 + b31logm1 + b32logm2 + b33logm3 +A+ e3
with eij = Aij = bij = 0 if i = j with i = 1, 2, 3 and j = 1, 2, 3 and
Cij = 0 if i = j.
Consider the rank condition for equation 1. We should prove that rank
R1B = 2. The matrix R1 and B (previously deﬁned in section III) are
respectively:
R1 =


0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0


B =


-1 e21 e31
e12 -1 e32
e13 e23 -1
b11 b21 b31
b12 b22 b32
b13 b23 b33
a11 a21 a31
a12 a22 a32
a13 a23 a33
c11 c21 c31
c12 c22 c32
c13 c23 c33
1 1 1


The matrix R1B is thus:
33
R1B =


e12 −1 e32
e13 e23 −1
b12 b22 b32
b13 b23 b33
a12 a22 a32
a13 a23 a33
c11 c21 c31


Imposing the restrictions previously speciﬁed (eij = Aij = bij = 0 if
i = j with i = 1, 2, 3 and j = 1, 2, 3 and Cij = 0 if i = j), we get ﬁnally:
R1B =


0 −1 0
0 0 −1
0 b22 0
0 0 b33
0 a22 0
0 0 a33
0 c21 c31


The rank R1B = 2: the ﬁrst equation satisﬁes the rank order condition
for identiﬁability. Applying the same method, we can prove that the order
condition is satisﬁed also for the other equations. We have reorganised the
system in three cohorts, for analytically convenience. This proof can be
easily extended to the system of 10 cohorts. Using the same method, the
condition rankR1B = 9 is proved.
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Appendix B: Price series used in this work
Year Price Deﬂator* Petrol Price per litre**
1991 80.2 49.0
1992 83.4 47.8
1993 85.7 54.8
1994 87 56.4
1995 89.3 60.1
1996 92.2 60.4
1997 94.9 64.6
1998 97.9 72.4
1999 100 77.8
2000 102.4 84.5
NOTES: *OECD 1999 price deﬂator series
**Transport Statistics Great Britain 27th edition (2001)
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